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Abstract. We remark the density of the jumping loci of the Picard number of a
hyperka¨hler manifold under small one-dimensional deformation and provide some
applications for the Mordell-Weil groups of Jacobian K3 surfaces.
§0. Introduction
Although the Ne´ron-Severi groups and the Mordell-Weil groups are described by
means of cohomology groups of abelian sheaves, the sheaves are neither coherent
nor topological and not much are known about their behaviours under deformation.
In their article “Families of K3 surfaces”, R. Borcherds, L. Katzarkov, T. Pantev
and N. I. Shepherd-Barron have found the following phenomenon by studying the
behaviour of the Picard numbers of K3 surfaces under global deformation:
Theorem ([BKPS]). Any smooth complete family of minimal Ka¨hler surfaces of
Kodaira dimension 0 and constant Picard number is isotrivial. 
Their proof is a global argument based on the ampleness of the zero locus of an
automorphic form on a relevant moduli space of K3 surfaces and therefore requires
the completeness of the base space in essence.
The aim of this note is to remark that their Theorem can be immediately gen-
eralized to a local one-dimensional family of hyperka¨hler manifolds if one adopts
a different approach (Main Theorem below together with Section 1). The idea is
extremally simple: In stead of studying behaviours of the Picard groups in fam-
ily directly, we consider deformation of the perpendicular part, i.e. periods. The
validity of this reduction is ensured by the Lefschetz (1, 1)-Theorem and the local
Torelli Theorem for hyperka¨hler manifolds. We also provide some applications for
the Mordell-Weil groups of Jacobian K3 surfaces (Section 2).
A hyperka¨hler manifold is by the definition a simply connected, compact Ka¨hler
manifold F with H2,0(F ) = CωF , where ωF is everywhere non-degenerate. Accord-
ing to the Bogomolov decomposition Theorem [Be], these are one of the building
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blocks of manifolds with trivial first Chern class. In this terminology, a K3 surface
is nothing but a hyperka¨hler manifold of dimension 2. Due to the fundamental work
by Bogomolov [Bo] and Beauville [Be], the following results hold for a hyperka¨hler
manifold F of any dimension:
(1) The Kuranishi space of F is smooth and universal;
(2) There exists a primitive integral non-degenerate symmetric bilinear form
(∗, ∗) on H2(F,Z) which induces on H2(F,C) = H1,1(F )⊕CωF ⊕CωF the
Hodge structure of weight two and is of index (3, B2(F )− 3);
(3) The local Torelli Theorem holds for the period map given by the Hodge
structure on H2(F,Z) defined in (2).
Besides original articles, we also refer the readers to [Hu1, Section 1] as an excellent
survey about these basics.
In this note, we consider a smooth family of hyperka¨hler manifolds f : X → ∆
over a disk ∆. In this setting, the following two statements are equivalent:
(1) f is trivial as a family, i.e. isomorphic to the product F ×∆ over ∆;
(2) all the fibers of f are isomorphic.
This equivalence is a direct consequence of the local Torelli Theorem and the uni-
versality of the Kuranishi space together with the fact that π1(∆) = {1}.
We denote by ρ(F ) the Picard number of F , i.e. the rank of the Ne´ron-Severi
group NS(F ) := Im(c1 : H
1(F,O×F )→ H2(F,Z)) = (CωF )⊥ ∩H2(F,Z). Here the
last equality is due to the Lefschetz (1, 1)-Theorem. Note also that 0 ≤ ρ(F ) ≤
N := B2(F )− 2.
Our main Theorem is as follows:
Main Theorem. Let f : X → ∆ be a non-trivial family of hyperka¨hler manifolds.
Set M := min {ρ(Xt)|t ∈ ∆} and S := {t ∈ ∆|ρ(Xt) > M}. Then, S is a dense
countable subset of ∆ in the classical topology.
The next simple example will illustrate the phenomenon described in the main
Theorem fairly well:
Example. Let us denote by Et the elliptic curve of period t. Let ∆ be a small
disk in the upper half plane H. Then, one has a family of elliptic curves h : E → ∆
with the level two structure such that Et = Et. Taking a crepant resolution of the
quotient of the product g : E × E√−1 → ∆ by the inversion, one obtains a family
of K3 surfaces f : X → ∆ such that Xt = Km(Et × E√−1). This family f satisfies
ρ(Xt) = 20 for t ∈ Q(
√−1) and ρ(Xt) = 18 for t 6∈ Q(
√−1). In this example, we
have S = ∆ ∩Q(√−1). 
It is an easy fact that S is at most countable and that the locus of the constant
Picard number ∆−S is dense and uncountable (and therefore “much bigger” than
S). The essential part of the main Theorem is in the converse: existence of enough
jumping points.
As one of applications, we shall solve the following filling up problem of possible
Picard numbers:
Corollary. Let F be a hyperka¨hler manifold with B2(F ) = N + 2. Then, for
each 0 ≤ j ≤ N , there exists a hyperka¨hler manifold Fj such that F and Fj are
deformation equivalent and that ρ(Fj) = j.
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Although some form of this kind of density results should be known for some
experts at least in the case of K3 surfaces (See Acknowledgement of [BKPS]), as
far as the author knows, there are no literatures in which an explicit statement
and proof are given. We should remark that there are several possible forms of
density results and that the density of the jumping points in a disk implies the
absence of positive dimensional analytic subsets in the Kuranishi space over which
the fibers are of constant Picard number. Therefore, our statement is stronger
than the density of the jumping points both in the Kuranishi space and in positive
dimensional global base spaces. For this remark, it might be worth noticing the
following:
Fact. Given a family of K3 surfaces f : X → B, we call a point b ∈ B a Kummer
point if the fiber Xb is isomorphic to a Kummer surface. Then:
(1) As well-known, the set of Kummer points is dense in the base if the family
is the Kuranishi family of a K3 surface. (See for instance [BPV].)
(2) However, the one dimensional smooth non-trivial family of elliptic K3 sur-
faces f : X → ∆t (|t| << 1) defined by the Weierstrass equation y2 = x3 +
x+(u11−t) (over ∆t) has no Kummer points. Indeed, since each fiber Xt has
non-symplectic automorphism of order 11 (given by (x, y, u) 7→ (x, y, ζ11u)),
the rank of the transcendental lattice must be divisible by ϕ(11) = 10 and
one has then ρ(Xt) < 16. (See [OZ, Example 2].) 
This stronger version is also needed in the proof of the Corollary as well as in
our application for the Mordell-Weil groups of Jacobian K3 surfaces.
It would be interesting to ask a similar question for complex tori of dimension
≥ 3. We should also notice that a similar question for Calabi-Yau manifolds does
not make much sense, because Pic(X) = H2(X,Z) for a Calabi-Yau manifold.
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§1. Proof of the Main Theorem and the Corollary
Let us choose a marking τ : R2f∗ZX ≃ Λ×∆, where Λ = (Λ, (∗.∗)) is a lattice
of signature (3, N − 1) and consider the period map
p : ∆→ D := {[ω] ∈ P(Λ⊗ C)|(ω.ω) = 0, (ω.ω) > 0} ⊂ P(Λ⊗ C) = PN+1.
This map p is defined by p(t) = τC([ωXt ]) and is known to be holomorphic. We
notice that p is not constant by our assumption and the local Torelli Theorem.
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Let us consider all the primitive sublattices Λn (n ∈ N ) of Λ. Put ∆n := {t ∈
∆|τ(NS(Xt)) = Λn}. Then one has a decomposition ∆ = ⊔n∈N∆n. Since N is
countable but ∆ is uncountable, there exists an element of N , say 1, such that ∆1
is uncountable. Since p(t) ∈ Λ⊥1 ⊗ C for all t ∈ ∆1 and since p is holomorphic, one
has then:
p(∆) ⊂ D′ := {[ω] ∈ P(Λ⊥1 ⊗ C)|(ω.ω) = 0, (ω.ω) > 0} ⊂ P(Λ⊥1 ⊗ C) = Pn.
Here we regard P(Λ⊥1 ⊗C) as a linear subspace of P(Λ⊗C) defined by (Λ1.∗) = 0.
Set S := ∆−∆1. Then, by the Lefschetz (1, 1)-Theorem, we also have that:
(1) Λ1 ⊂ τ(NS(Xt)) for all t ∈ ∆;
(2) t ∈ S if and only if there is a vector v ∈ Λ− Λ1 such that (v, p(t)) = 0.
Since both Λ− Λ1 and {t ∈ ∆|(v, p(t)) = 0} for each v ∈ Λ− Λ1 are countable, S
is countable as well.
We shall show the density of S, i.e. the fact that S ∩ U 6= ∅ for any sufficiently
small disk U .
Claim 1. rankΛ⊥1 ≥ 3.
Proof. If rankΛ⊥1 ≤ 2, then Λ⊥1 ⊗ R is spanned by the images of the real and
imaginary parts of a holomorphic 2-form. This implies that Λ⊥1 is a positive definite
lattice of rank 2 and that D′ consists of two points. However, the period map p is
then constant, a contradiction. 
Let us choose a holomorphic coordinate z of U centered at P . We also choose
integral basis of Λ⊥1 and write p|U as p(z) = [1 : f1(z) : f2(z) : · · · : fn(z)] with
respect to this basis. Here we have n ≥ 2 by Claim 1. We may also assume
that f1(z) is not constant. In what follows, for each
−→a = (a0, a1, a2, · · · , an) ∈
Rn+1 − {−→0 }, we put:
f−→a (z) := a0 + a1f1(z) + a2f2(z) + · · ·+ anfn(z);
l−→a := a0x0+a1x1+a2x2+ · · ·+anxn, where [x0 : x1 : · · · : xn] is the homogeneous
coordinates of Pn; and
H−→a := (l−→a = 0) ⊂ Pn, the hyperplane defined by the linear form l−→a .
Let k be an element of {2, · · · , n}. Since dimRC = 2, one then finds an element
(r0,k, r1,k, r2,k) ∈ R3 −{−→0 } such that r0,k · 1+ r1,kf1(0) + r2,kfk(0) = 0− (∗). Put−→rk := (r0,k, r1,k, 0, · · · , 0, r2,k, 0, · · · , 0). Here r2,k is located at the same position
as xk in [x0 : x1 : · · · : xn]. In this notation, the equality (∗) is rewritten both as
p(0) ∈ H−→rk and as f−→rk (0) = 0.
Claim 2. p(U) is not contained in ∩nk=2H−→rk .
Proof. Assuming to the contrary that p(U) ⊂ ∩nk=2H−→rk , we shall derive a contrdic-
tion. Since f1(z) is not constant, we have r2,k 6= 0 for each k. Therefore ∩nk=2H−→rk
is a line L ≃ P1 defined over R in Pn. This leads the same contradiction as in Claim
1. 
By Claim 2, there exists k such that p(U) 6⊂ H−→rk , i.e. f−→rk (z) 6≡ 0. Since f−→rk (0) =
0, we may choose a small circle γ ⊂ U around z = 0 such that f−→rk (z) has no zeros
on γ. Set K := min{|f−→rk (z)||z ∈ γ} and M := max{|fi(z)||z ∈ γ, i = 0, 1, · · · , n},
where we define f0(z) ≡ 1. Note that K > 0 and M > 0. Then, by using the
triangle inequality, we see that |f−→rk (z) − f−→a (z)| < |f−→rk (z)| on γ provided that
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|−→a −−→rk | < KM−1(n+1)−1. Denote by V the open disk such that ∂V = γ. Then,
by the Rouche´ Theorem, the cardinalities of zeros (counted with multiplicities)
on V are the same for f−→rk and f−→a . In particular, f−→a admits a zero on V . Since
Qn+1−{−→0 } is dense in Rn+1−{−→0 }, one can then find an element −→q ∈ Qn+1−{−→0 }
such that f−→q (z) has a zero on V . Let us denote this zero by Q ∈ V (⊂ U). Then,
f−→q (Q) = 0 and p(Q) ∈ H−→q . Recall that Λ⊥1 is primitive in Λ, Λ is non-degenerate,
and that our homogeneous coordinates [x0 : x1 : · · · : xn] are chosen by means of
integral basis of Λ and the rational linear equations (Λ1.∗) = 0. Therefore one can
find an element 0 6= v ∈ Λ such that H−→q = {x ∈ Pn|(v.x) = 0}. Since this v
satisfies (v.p(Q)) = 0, one has v ∈ τ(NS(XQ)). On the other hand, since −→q 6= −→0 ,
we have v 6∈ Λ1. Hence this Q satisfies Q ∈ S ∩ U . Q.E.D.
Remark. In general, given a non-constant holomorphic map g : ∆ → Pn, the con-
dition h(∆) ∩ H−→a 6= ∅ is not open around −→a if this point satisfies h(∆) ⊂ H−→a .
For example, the holomorphic map h(z) = [1 : −1 : z] satisfies h(∆) ⊂ H(1,1,0) and
h(∆) ∩H(1−ǫ,1,0) = ∅ for any ǫ 6= 0. 
Proof of Corollary. We shall show by the descending induction on the Picard num-
ber ρ := ρ(F ). Note that 0 ≤ ρ(F ) ≤ N = B2(F ) − 2. Let u : U → K be the
Kuranishi family of F . This is a germ of the universal deformation of F and is of
dimension N by H1(TF ) ≃ H1(Ω1F ). Threfore, K is realized as an open neighbour-
hood of 0 ∈ H1(F, TF ) and is then assumed to be a small polydisk in CN . Then
R2u∗ZU is a constant system on K. Choosing a marking τ : R2u∗ZU ≃ Λ×K, one
can define the period map
p : K → D := {[ω] ∈ P(Λ⊗ C)|(ω.ω) = 0, (ω.ω) > 0} ⊂ P(Λ⊗ C) ≃ PN+1.
This p is a local isomorphism by the local Torelli Theorem and by the fact that
dimK = dimD = N . Therefore we are allowed to identify K with a small open set
of the period domain D (denoted again by D).
Assume first that ρ(F ) = N . By xi (1 ≤ i ≤ N), we denote the elements in Λ
corresponding to an integral basis of NS(F ). For each j such that 0 ≤ j < N , we
define the sublocus A ⊂ K = D by the equations
(x1.ω) = (x2.ω) = · · · = (xj .ω) = 0,
and consider the induced family π : S → A. Here A is of dimension N − j > 0.
Then, by the construction, we have ρ(Sa) = j for generic a ∈ A (or more precisely,
for any element of the complement of the countable union of the hypersurfaces
(x.ω) = 0, where x runs through the elements of Λ− Z〈xi|1 ≤ i ≤ j〉), and we are
done.
We next assume that ρ := ρ(F ) < N . Let us choose an integral basis x1, x2, ..., xρ
of τ(NS(F )). Let us define the sublocus B ⊂ K = D by the equations
(x1.ω) = (x2.ω) = · · · = (xρ.ω) = 0,
and consider the induced family π : T → B. Here B is of dimension N − ρ > 0.
By the construction, π is not isotrivial and the fibers Tb satisfy ρ(Tb) ≥ ρ. Then
by the main Theorem, there is b ∈ B such that ρ(Tb) > ρ. Now, by the descending
induction on ρ, we are done. 
Exploiting the same idea as in the Example in the Introduction, one also imme-
diately obtains the following pretty:
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Corollary 2. Set GL+(2,Q) := {M ∈ GL(2,Q)|detM > 0}. Let w = ϕ(z)
be a holomorphic function defined over a neighbourhood of τ ∈ H. Assume that
ϕ(τ) ∈ H. Then, there exists a sequence {τk}∞k=0 ⊂ H−{τ} such that limk→∞ τk = τ
and that τk and ϕ(τk) are congruent for each k under the standard, linear fractional
action of GL+(2,Q) on H.
Proof. Let us denote by Ew the elliptic curve of period w. Choose a small neigh-
bourhood ϕ(τ) ∈ ∆2 ⊂ H. Then one has a family of elliptic curves g : G → ∆2
with the level two structure such that Gw = Ew. Since ϕ is holomorphic, we may
also choose a small neighbourhood τ ∈ ∆ ⊂ H such that ϕ(∆) ⊂ ∆2 and that
there exists a family of elliptic curves h : H → ∆ similar to g. By pulling back
g : G → ∆2 by ϕ and taking the fiber product, one obtains a family of abelian sur-
faces a : A := H ×∆ ϕ∗G → ∆. Then, taking a crepant resolution of the quotient
of A by the inversion, we obtain a family of Kummer surfaces f : X → ∆. By
construction, one has Xz = Km(Ez ×Eϕ(z)).
Claim. This family f is not trivial.
Proof. If f is a trivial family, then there exists a K3 surface S such that S ≃
Km(Ez × Eϕ(z)) for all z ∈ ∆. Note that the Kummer surface structures on S,
that is, the isomorphism classes of abelian surfaces A such that S ≃ Km(A), are
determined by the choices of 16 disjoint smooth rational curves on S. Recall also
that there are at most countably many smooth rational curves on a K3 surface.
Then, there exist at most countably many isomorphism classes of such A. Denote
all of them by Ai (i ∈ N) and set Ai = C2/Λi. For each Ai, the product structures
on Ai, i.e. the structures of decompositions Ai = Ei×Fi, are also countably many,
because subtori of Ai are determined by the choices of sublattices of Λi. Hence,
there are at most countably many isomorphism classes of pairs (E, F ) such that
S ≃ Km(E × F ). However, since the set of the isomorphism classes of Ez (z ∈ ∆)
are uncountable, our family f : X → ∆ is then non-trivial. 
Recall by [SM] that ρ(Xz) = 18 if Ez and Eϕ(z) are not isogenous and that
ρ(Xz) ≥ 19 if Ez and Eϕ(z) are isogenous. Then, by the main Theorem, there
exists a dense subset S ⊂ ∆ such that ρ(Xs) ≥ 19 for s ∈ S, i.e. that Es and Eϕ(s)
are isogenous if s ∈ S. Therefore, any sequence in S −{τ} converging to τ satisfies
our requirement. 
§2. Appications for Jacobian K3 surfaces
A Jacobian K3 surface is an elliptically fibered K3 surface ϕ0 : X → P1 with
section O. Our interest in this section is the Mordell-Weil group MW (ϕ0) :=
H0(P1, X#) of ϕ0, i.e. the group of sections of ϕ0 and its behaviour under small
deformation. We denote by r(ϕ0) the rank of MW (ϕ0). Note that 0 ≤ r(ϕ0) ≤ 18
for a Jacobian K3 surface [Sh1].
By a local one-dimensional family of Jacobian K3 surfaces, we mean a commu-
tative diagram
X ϕ−−−−→ W O−−−−→ X
f


y


yπ


yf
∆
id−−−−→ ∆ id−−−−→ ∆
FAMILIES OF HYPERKA¨HLER MANIFOLDS 7
such that ϕt : Xt → Wt is a Jacobian K3 surface with section Ot for each t ∈ ∆.
We set r(t) := r(ϕt).
A similar but slightly different jumpinig phenomenon is observed for r(t):
Proposition (2.1). Let f = π ◦ ϕ : X → W → ∆ be a non-trivial family of
Jacobian K3 surfaces. Set Sr := {t ∈ ∆|r(t) = r}. Then, there exists a unique r0
such that Sr0 is dense and uncountable and that ∪r>r0Sr is dense and countable.
Remark.
(1) The proof below shows that the set ∪r<r0Sr is at most countable and has
no accumulation point in ∆. Moreover, as will be observed in the next
Example (2.2), there actually exists a case where the set ∪r<r0Sr is not
empty. Therefore, the behaviour of the Mordell-Weil rank in a family is
slightly different from that of the Picard number described in the main
Theorem.
(2) As another comparison, we remark that r(t) for a family of rational Jacobian
surfaces is lower semi-continuous; Therefore the behaviour is quite different
from the case of Jacobian K3 surfaces described in (2.1). This lower semi-
continuity is a direct consequence of the stability Theorem and the fact that
the sections of rational Jacobian surface are (−1)-curves.
(3) It would be interesting to study a similar question for a family of Jacobian
surfaces of Kodaira dimension 1. 
Proof. By taking a local trivialization, we may assume that W = P1 × ∆. Let
D ⊂ P1 ×∆ be the discriminant locus of ϕ. For the explicit description of D, let
us consider the Weierstrass model of ϕ : X → W (defined by O) and write the
equation as y2 = x3 + a(w, t)x+ b(w, t), where w is the inhomogeneous coordinate
of P1 and t is the coordinate of ∆. Then D is defined by (the reduction of) the
equation 4a(w, t)3 + 27b(w, t)2 = 0− (∗). By construction, both a(w, t) and b(w, t)
are polynomials with respect to w. Therefore the restriction map π|D : D →
∆; (w, t) 7→ t has at most finitely many such bad points P ∈ D that π|D is not
smooth at P . Denote by T ⊂ ∆ the set of the image of these bad points. This
is then a finite set. In addition, since the type of non-multiple singular fibers are
uniquely determined by the local monodromy, the singular fibers of the fibrations
ϕt : Xt → P1 are independent of t ∈ ∆ − T . Write them by Ti (i = 1, · · ·n) and
denote by mi the number of the irreducible components of Ti. Then, by Shioda’s
formula [Sh1], we have r(ϕt) = ρ(Xt)− 2−
∑n
i=1(mi − 1) for t ∈ ∆− T . Now the
result follows from the main Theorem. 
Example (2.2). In this example, we shall construct a family f = π ◦ ϕ : X →
W → ∆ of Jacobian K3 surfaces such that ρ(0) = 20 but r(0) = 0, and that
ρ(t) < 20 but r(t) > 0 for generic t.
Let us start from a family of rational Jacobian surfaces (with rational double
points) h : Z → P1×∆u → ∆u defined by the Weierstrass equation y2 = x3+ux+s5.
Here u is the coordinate of ∆ and s is the inhomogeneous coordinate of P1. Then
either by the Ne´ron algorithm or by a direct calculation, one can easily check the
following fact: Z is smooth; Zu (u 6= 0) is smooth and Zu → P1 has singular fibers
of Type I1 over 4u
3 + 27s10 = 0 and of Type II over s = ∞; and Z0 → P1 has
one singular point of type E8 over s = 0 and has a singular fiber of Type II over
s =∞.
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Then, by taking an appropriate finite covering ∆v → ∆u and a simultaneous
resolution of the pull back family, we obtain a family of smooth rational Jacobian
surfaces g : Y → P1 ×∆v → ∆v such that Yv → P1 (v 6= 0) has 10 singular fibers
of Type I1 and one singular fiber of Type II, and Y0 → P1 has one singular fiber
of Type II∗ and one singular fiber of Type II. By Shioda’s formula, one has then
r(v) = 8 for v 6= 0 and r(0) = 0.
Let us choose large number M such that the divisor s = M on P1 × ∆v does
not meet the discriminant locus. This is possible by the description above. Let
us take the double covering P1 ×∆t → P1 ×∆v ramified over s = M and s = ∞
and consider the relatively minimal model f : X → P1 ×∆t → ∆t of the pull back
family f ′ : X ′ → P1 ×∆t → ∆t. Note that X ′ is equi-singular along the preimage
of the cuspidal points of fibers (Yv)∞ of Yv → P1. Therefore, by the monodromy
calculation, one finds that f : X → P1×∆t → ∆t is a smooth family of Jacobian K3
surfaces such that X0 → P1 has two singuler fibers of Type II∗ and one singular fiber
of Type IV ; and Xt → P1 (t 6= 0) has 20 singular fibers of Type I1 and one singular
fiber of Type IV . Note also that r(t) ≥ r(v) = 8 for t 6= 0. On the other hand, again
by Shioda’s formula, one has 20 ≥ ρ(t = 0) = 2+r(t = 0)+(9−1)+(9−1)+(3−1).
Therefore ρ(0) = 20 and r(0) = 0 for the central fiber of f . Moreover, this family
X → ∆ is not trivial as a family of K3 surfaces. (Indeed, otherwise, we have
X ≃ X0 × ∆t. Since Pic(X0) is discrete, X0 does not admit a family of elliptic
fibrations varying continuously. Then, our family X → ∆ must be also trivial as a
family of elliptic fiber spaces. However, this contradicts the fact that the types of
singular fibers of X0 and Xt are different.) Hence, by the main Theorem, we have
ρ(t) < 20 for generic t. 
Remark. This example also shows that there is a case where the behaviour of r(t)
is not honestly accompanied with that of ρ(t). 
Next we apply our main Theorem to study the structure of the Mordell-Weil lat-
tices of Jacobian K3 surfaces. Here the Mordell-Weil group MW (ϕ) with Shioda’s
positive definite, symmetric bilinear form 〈∗, ∗〉 is called the Mordell-Weil lattice
[Sh2]. This lattice structure on MW (ϕ) made the study of Mordell-Weil groups
extremally rich [Sh3]. By the narrow Mordell-Weil lattice MW 0(ϕ) we mean the
sublattice of MW (ϕ) of finite index consisting of the sections which pass through
the identity component of each fiber [Sh2]. Contrary to the case of rational Jaco-
bian surfaces, the isomorphism classes of both MW (ϕ) and MW 0(ϕ) for Jacobian
K3 surfaces are no more finite ([OS], [Ni]) and the whole pictures of them does not
seem so clear even now. Our interest here is to clarify certain relationships among
all of the Mordell-Weil lattices of Jacobian K3 surfaces:
Theorem (2.3). For any given Jacobian K3 surface ϕ : J → P1 of rank r := r(ϕ),
there exists a sequence {ϕm : Jm → P1}18m=r of Jacobian K3 surfaces such that
(1) ϕr : Jr → P1 is the original ϕ : J → P1;
(2) r(ϕm) = m for each m; and
(3) there exists a sequence of isometric embeddings:
MW 0(ϕ)(=MW 0(ϕr)) ⊂MW 0(ϕr+1) ⊂ · · · ⊂MW 0(ϕ17) ⊂MW 0(ϕ18).
In particular, the narrow Mordell-Weil lattice of a Jacobian K3 surface is embedded
into the Mordell-Weil lattice of some Jacobian K3 surface of rank 18. Conversely,
for every sublattice M of the (narrow) Mordell-Weil lattice of a Jacobian K3 surface
of rank 18, there exists a Jacobian K3 surface whose narrow Mordell-Weil lattice
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contains M as a sublattice of finite index. Moreover, for each given M there are
at most finitely many isomorphism classes of the Mordell-Weil lattices of Jacobian
K3 surfaces which contains M as a sublattice of finite index.
Proof. First we shall show the existence of a sequence in the statement. We may
assume that r ≤ 17. Let us consider the Kuranishi family k : (J ⊂ U)→ (0 ∈ K) of
J . This is a germ of the universal deformation of J and is known to be smooth of
dimension 20. Threfore, K is realized as an open neighbourhood of 0 ∈ H1(J, TJ)
and is then assumed to be a small polydisk in C20. Then R2k∗ZU is a constant
system on K. Choosing a marking τ : R2k∗ZU ≃ Λ × K, where Λ = ΛK3, let us
consider as before the period map
p : K → D = {[ω] ∈ P(Λ⊗ C)|(ω.ω) = 0, (ω.ω) > 0} ⊂ P(Λ⊗ C) ≃ P21.
Since p is a local isomorphism for the same reason as before, we may identify K
with an open neighbourhood U ⊂ D of p(0) by p. Since our argument is completely
local, by abuse of notation, we write this U again by D and identify therefore K = D
by p.
Let us write a general fiber of ϕ : J → P1 by E and choose an integral basis
Si (i = 1, · · · , r) of MW 0(ϕ), where r := r(ϕ). Then Si and the zero section O
are all non-singular rational curves and E is an elliptic curve such that (Si.E) =
(O.E) = 1. By the definition of the Mordell-Weil lattice (MW (ϕ), 〈∗, ∗〉), we have
a (minus sign of) isometric injective homomorphism ι : MW 0(ϕ) →֒ NS(J) given
by S 7→ S − O + ((O2) − (S.O))E [Sh2]. Then, 〈Si, Si〉 = 4 + 2(Si.O). Note also
that E, O, Si are linearly independent in NS(J) [Sh1]. Let us consider (r + 2)
elements in Λ given by e := τ([E]), o := τ([O]) and si := τ([Si]). Then, these are
also linearly indepedent in Λ.
Consider the subset L of D defined by (e.∗) = (o.∗) = (si.∗) = 0. This is a
smooth analytic subset of D of dimension 20 − (r + 2) > 0 and contains p(0).
Through the identification made above, we may regard 0 ∈ L ⊂ K. Then we
may speak of the family j˜ : J˜ → L obtained as the restriction of k : U → K
to L. Then by [Ko, Theorem 14] or by [Hu1, Section 1 (1.14)], one finds that L
is the locus on which the invertible sheaves OJ (E), OJ(O), OJ (Si) on J lift to
invertible sheaves E , O and Si on the whole space J˜ . Since 20 − (r + 2) ≥ 1 by
r ≤ 17, one can take a sufficiently small disk 0 ∈ ∆ ⊂ L and obtains the induced
family j : J → ∆. We denote the restrictions of E , O and Si on J by the same
letter. We also shrink ∆ freely whenever it is convenient. Note that χ(OJ (Si)) = 1,
h0(OJ (Si)) = 1 and hq(OJ(Si)) = 0 for q > 0, because Si is a smooth rational curve
on a K3 surface. Then by applying the upper semi-continuity of coherent sheaves
and by the Theorem of cohomology, we see that j∗Si are invertible sheaves which
satisfy the base change property. Then (j∗Si)⊗C(0) ≃ H0(OJ(Si)). Therefore, by
Nakayama’s Lemma, all of Ci lift not only as invertible sheaves but also as effective
divisors on J . By abuse of notation, we denote these divisors again by Si. Since
the smoothness is an open condition for a proper morphism, π|Si : Si → ∆ is also
smooth. Combining this with the fact that small deformation of P1 is again P1, we
see that Si,t := Si|Jt is again a smooth rational curve on Jt for all t ∈ ∆. The same
holds for Ot := O|Jt. Note that χ(OJ (E)) = 2, h0(OJ (E)) = 2 and hq(OJ(E)) = 0
for q > 0, because E is an elliptic curve on a K3 surface. Then, hq(E|Jt) = 0
and h0(E|Jt) = 2. Therefore, j∗E is a locally free sheaf of rank 2 which satisfies
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the base change property. In particular, j∗j∗E|J = H0(OJ (E)). Since OJ (E)
is globally generated, we see again by Nakayama’s Lemma that the natural map
j∗j∗E → E is also surjective. Therefore we may take a morphism Φ : J → W over
∆ associated to this surjection. Then, by the base change property, we find that
the restriction Φt : Jt → Wt coincides with the morphism given by the surjection
H0(E|Jt) ⊗ OJt → E|Jt. This is an elliptic fibration by h0(E|Jt) = 2 and by the
adjunction formula on a K3 surface. Therefore, the factorization Φ : J → W makes
j : J → ∆ a family of elliptic surfaces over ∆. By the invariance of the intersection
number, we have (Si,t.Et) = (Si.E) = 1. Therefore, Si,t is also a section of Φt. The
same holds for Ot. Therefore Φ : J → W makes j : J → ∆ a family of Jacobian
K3 surfaces with zero section O. Moreover, by passing to the Weierstrass family
over ∆ given by O and using the characterization of MW 0(ϕ) that S ∈MW (ϕ) is
in MW 0(ϕ) if and only if S does not meet the singular points of the Weierstrass
model, one finds that Si,t are all in MW 0(Φt). In addition, the intersection matrix
of Et, Ot, Si,t are the same as the one for E, O, Si in Λ and is then hyperbolic.
Therefore, Et, Ot, Si,t are also linearly independent in H2(Jt,Z). Hence so are in
NS(Jt). Thus by the injectionMW 0(Φt) →֒ NS(Jt) quoted above, we see that Si,t
are also linearly independent in MW 0(Φt). In particular, r(Φt) ≥ r for all t ∈ ∆.
Since the base space ∆ is chosen in the Kuranishi space, our family j : J → ∆ is
not trivial. Therefore, by Proposition (2.1), there exists t0 ∈ ∆ such that r(t0) > r.
By the invariance intersection and by the relation between 〈∗, ∗〉 and (∗, ∗) quoted
above, we see that the map a :MW 0(ϕ)→MW 0(Φt0) given by Si 7→ Si,t0 is then
an isometric injection.
If r(t0) = r + 1, then we may define ϕr+1 : Jr+1 → P1 to be this Jacobian K3
surface Φt0 : Jt0 → P1.
Let us treat the case where r(t0) ≥ r + 2. Since 18 ≥ r(t0), we have 16 ≥ r.
For simplicity, we abbreviate Φt0 : Jt0 → P1 and r(t0) by ϕ′ : J ′ → P1 and r′
respectively. We denote the image of the basis Si (1 ≤ i ≤ r) of MW 0(ϕ) in
MW 0(ϕ′) by the same letters Si and take Tj ∈ MW 0(ϕ′) j = r + 1, r + 2, · · · , r′
such that Si and Tj form a basis of MW
0(ϕ′) ⊗ Q over Q. (Here note that our
embedding might not be primitive so that we can not prolong Si to integral basis
of MW 0(ϕ′) in general.) Let us consider the Kuranishi space K′ of J ′ and take
the subspace L′ ⊂ K′ defined by the fiber class E′ of ϕ′, the zero section O, all
of Si, and Tr+1. Denote by j
′ : J ′ → L′ the family induced by the Kuranishi
family as before. Then, dimL′ = 20 − (2 + r + 1) > 0, because E′, O, Si and
Tr+1 are linearly independent in H
2(J ′,Z) and r ≤ 16. In addition, considering L′
as a subspace in the period domain under the identification made as before, and
applying the same argument as in the proof of the main Theorem, one finds that
the Ne´ron-Severi group of J ′t for t being generic in L′ is isomorphic to the primitive
closure of Z〈E18, O, Si, Tr+1〉 in H2(J ′,Z). In particular, ρ(J ′t ) = r + 3 for generic
t. Moreover, by the same argument as above, one makes this family a family of
Jacobian K3 surfaces J ′ Φ′−→ W ′ → L′ such that each fiber Φ′t : J ′t → W ′t satisfies
that MW 0(ϕ) ⊂ MW 0(Φ′t) and that r(Φ′t) ≥ r + 1. On the other hand, one has
r(Φ′t) ≤ r+1 for generic t by Shioda’s formula and by ρ(J ′t ) = r+3. Then we have
r(Φ′t) = r + 1 and may define ϕr+1 : Jr+1 → P1 to be Φ′t : J ′t → W ′t for generic t.
The first statement now follows from induction on (18− r).
Next we shall show the middle statement. Let φ′ : S′ → P1 be a Jacobian K3
surface such that rank(φ′) = 18 and M a sublattice of MW (φ′). Then, by taking
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a generic point of the locus of the Kuranishi space defined by the basis of M , zero
section of φ′ and general fiber of φ′, one gets a Jacobian K3 surface φ : S → P1
such that M ⊂MW 0(φ) and r(φ) = r.
Finally, we check the last assertion. Assume that M ⊂ MW 0(φ) and is of
finite index. Since the pairing 〈∗, ∗〉 is integral valued on MW 0(φ) [Sh2], one has
M ⊂MW 0(φ) ⊂M∗. SinceM ⊂M∗ is of finite index, the possibilities ofMW 0(φ)
is then only finitely many. By [Sh2], one has also MW 0(φ) ⊂MW (φ)/(torsion) ⊂
MW 0(φ)∗. Therefore eachMW 0(φ) recoversMW (φ)/(torsion) up to finitely many
ambiguities. Now it is suffices to check the boundedness of the torsion subgroups
of Jacobian K3 surfaces. If the j-invariant is not constant, the result follows from
the classification due to Cox [Co]. Let us consider the case where the j-invariant is
constant. Note that a Jacobian K3 surface always admits at least one singular fiber,
because its topological Euler number is positive. Therefore, by the classification
of the singular fibers whose j-values are not ∞ and by the general fact that the
specialization map MW (φ)torsion → (φ−1(t))reg is injective, one can easily see that
the possible torsion groups are at most 0, Z/2, Z/3, Z/4 or (Z/2)⊕2. Now we are
done. 
This Theorem coarsely reduces the study of MW (ϕ) to those of the maximal
rank 18. For further study, it might be worthwhile noticing that a Jacobian K3
surface with maximal Mordell-Weil rank 18 is necessarily “singular” in the sense
of Shioda [SI] and that Nishiyama [Ni] has already constructed an infinite series of
examples of such Jacobian K3 surfaces.
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